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Abstract

A new technique to parallelize loops with variable dis-
tance vectors is presented. The method extends previous
methods in two ways. First, the present method makes it
possible for array subscripts to be any linear combination
of all loop indices. The solutions to the linear dependence
equations established from such array subscripts are char-
acterized by a pseudo distance matrix(PDM). Second, it al-
lows us to exploit loop parallelism from the PDM by apply-
ing unimodular and partitioning transformations that pre-
serve the lexicographical order of the dependent iterations.
The algorithms to derive the PDM, to find a suitable loop
transformation and to generate parallel code are described,
showing that it is possible to parallelize a wider range of
loops automatically.

Keywor ds loop parallelization, dependence equation, dis-
tance vector, pseudo distance matrix, unimodular transfor-
mation, iteration space partitioning®

approach, any unimodular loop transformation which ex-
poses or enhances the parallelism is applicable, under the
condition that the lexicographical order between dependent
iterations is preserved after transformation.

Our method here is a further development of the uni-
modular approaches by generalizing the uniform distance
vectors to the pseudo distance matrix(PDM), which is con-
structed from the linear dependence equations. The purpose
of using the PDM is to find suitable transformations that
parallelize a loop with variable dependence distances.

The remainder of the paper is organized as follows. Sec-
tion 2 introduces basic concepts for solving linear depen-
dence equations and describes a method to obtain the PDM
from the linear dependence equations. Section 3 discusses
the algorithms to derive the loop parallelizing transforma-
tions from a non-full or a full-rank PDM. Section 4 presents
examples illustrating the application of the method. Sec-
tion 5 overviews the related work and compares this tech-
nigue with other approaches. Finally, Section 6 concludes
the paper.

1 Introduction 2 Loop dependencies

The parallelism in loops is still the key objective of many ~ The loop iteration space and the dependence equations
program analyzers. The general way to reveal the loop par-are the framework to analyze and extract the parallelism be-
allelism is first solve the dependence order between the looptween iterations. The variable distance between dependent
iterations that must run in sequence, then a particular loopiterations with linear subscript expressions is described uni-
can run in parallel when no dependencies exist between theformly by the concept of gseudo distance matrix. The
iterations for the corresponding loop index. pseudo distance matrix allows us to extract the parallelism

In the past, ad hoc algorithms, pattern recognition, de- and also provides a way to enhance the parallelism by a
pendence test and loop transformation were some of the di-Suitable transformation of the iteration space.
rections followed [4, 11, 16]. But there was an extra diffi-
culty with the different techniques because a compiler had 2.1
a hard time finding the right algorithm, or creating the right
sequence of dependence tests.

In the last decade, a more systematic approach to address
the uniform dependence distance problem has been devel-

Iteration space and dependence or der

Consider ann-fold perfectly nested loop
Ly: doly=p1,qu

Ly : dol,, = pm,qm

oped by using unimodular matrix [1, 6], which presents an
: ; . : . H(L, ..., L) (2.2)
one-to-one mapping between two integer lattices. With this enddo

1This work was supported by the Belgian government under contract
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where the loop limit®, ¢, are integer constantg;., ¢, are The diophantine equations are solved using a reduction
integer functions of{,...,I._; for1 < r < m; the loop of the matrix C into the echelon form by a unimodular
bodyH(I4,...,I,) is a sequence of assign statements and transformation.

there are no statements between loops. The loop nestis A unimodular matrix U is an integer matrix with
denoted byL = (L1,...,L,,). Its iteration space ® C defU) = 41. ConsequentlyU~! is also a unimodular

Z™ contains all the integer vectois= (i1,...,10y) Within matrix. A unimodular transformation of row index vector
the loop limits, i.e.: TisI' = IU SmceI = ['U!, there is a 1-1 mapping
- ] betweenl and1’.
®={ilpr<ir<grr=1...,m} (2.2) An echelon matrix is defined using the leading element

As a loop nest is sequentially executed, its iterations @nd the level of a vector. THeading element d; of vector

are traversed one by one in a total order. Index vectorsd is the first nonzero element, while thevel I of vector d
i = (i1,...,im) andy = (j1,.--,Jjm) arelexicographi- is the index of the leading element.
cally ordered, denoted byi < 7, iff i; < j; or there exists Now anechelon matrix S with rankr = rank(S) has
anindex/ : 1 < 1 < m such thati; = j;...i;_1 = the following properties:
ji—1, andi; < j;. When reordering the execution of the 1. only the first- rows are nonzero;
loop iterations, the lexicographical order among the depen- 2. the successive row vectors have increasing ldyets
dent iterations must be preserved. If two iterationg ac- Iy < --- < I, where the level; is the index of the first
cess the same memory location while at least one write, and ~ nonzero element in theth row.
i < j,then |terat|on] directly depends on |terat|om de-
noted byi § j and thedlstance vector d = j —1i. Since
i< ] one always hag > 0.

The dependence or_der of a loop is obtained by solving (?; ;-) - iU 2.7)
the dependence equations.

To solve equations (2.6), the system of diophantine equa-
tions is replaced by an equivalent system:

tuc = ¢ (2.8)
22 Dependenceequations whereU is a unimodular matrix, such that= (i;;)U~*
exists, is unique and is integral. In other words, there is a
bijection betweeni’and(7; 7).

ChoosingU such thatUC = S is echelon by a common
algorithm [2], the equations (2.8) become

Assume a perfectly nested loap with loop indices,
I'=(1I,...,I,) and letxX (f(I)) and X (g(I)) denote two
variables in the loop body, wher€ is ann dimensional ar-
ray, andf,g’ : Z™ — Z™ denote index expressions. Both
index expressions refer to the same array element if the fol- 7S = @ (2.9)
lowing dependence equations hold:

P which can be easily solved fdrby backward substitution.
i) = g()- (23)  Next substitutd'in equation (2.7) to obtaifi; j), or

In this paper, the array subscripﬁf) are linear func-
tions of the loop indiced’, and can be written ag() =
TA + @ where A and@ are a constant matrix and con-

stant vector respectively. Therefore fivgear dependence
equations (2.3) become:

= tU (2.10)
= {U,

S oSy

whereU;, U, € ZZ™*™ are the left and right submatrices
of U respectively such thdf = (U; U,).

iA+d=jB+b (2.4) Solution (2.10) has an associated distance vedor
) - Whered—]—zlfz<]Ord—z—jlf]-<z For
whereA, B ¢ Z™*" are constant matrices andb ¢ Z" arbitrary dependent iterationisand 7, this is conveniently
are constant vectors. This is a systenti@phantine equa- noted as
tions because the solutions must be integral.
To solve the equations (2.4), they are rewritten as: d = Ij—1. (2.11)
—." 2 A _ T -
(57) ( -B ) =b-d. (2:5) Thedistance set includes all the direct distance vectors
A obtained by solving the dependence equations (2.4):
With C B ) andé = b — d, equations (2.5) A= {J| Je Fofl=[F(U, —U)| = [FF|} (2.12)
reduce to:

B;))C=¢ (2.6)  whereF = U, — U,.



2.3 Thepseudo distance matrix, PDM

The linear echelon reduced system (2.9) contaiequa-
tions in2m unknowns, where is the array dimension and
m is the loop depth. If the rank of the echelon matrix
r = rank'S) < 2m, then the solution vectof containsr
constant elements, ard — r elements are undetermined
or so-calledree variables. Without loss of generality, it can
be assumed that the= (#,;%,), wheref; € Z" is constant
andi, € Z2™" is arbitrary.

Taking into account that the distance between two lexi-

cographically executed dependent iterations is positive, the

distance set is given by

A={d|d=0F +5L F' e 2> " d» 0} (2.13)

whereF', F" are the upper,and lower submatriceskof
respectively such thd = 3

FII

A latticeis a group of vectors that contains all the linear
combinations of the independent row vectors of a matrix
A ¢ Znxm;

L(A) (ZA |7 € 2"} (2.14)

It can be used to characterize the distance set. In (2.13),

A contains alldirect distance vectors between two depen-

dent iterations when an unbounded loop nest is considered.
Theindirect dependence between iterations has a distance

vector which is a linear combination of the direct distance
vectors inA. Therefore both the direct and indirect distance
vectors are contained in the latti¢¢R) where

F” fiF € L(F")ie3dty | f,F'=t,F"
R={ ($,F' . 2.15
< ! ) otherwise ( )
FII
Note that the distance set in (2.12) becomes
A = {d|d=FR,d >0} (2.16)
with ¥ € 21
?: to _t{;’ ¢=2m—r it HF' = toF" (2.17)
Z = (1;t2),q=2m—r+1 otherwise

hig; > 0for1 <k < iwherel; is the level of the-th row
vector.

The unigue Hermite normal form of arbitrary matRxis
obtained by a unimodular row transformation maltix H
is the full row rank submatrix otUR, denoted as HN(R)).

H HNF(R) (2.18)

We will useH as thepseudo distance matrix, for the fol-
lowing reasons:

1. Since the unimodular transformati@his a 1-1 map-
ping between index vectors, the latticdH) is the
same as the latticé(R), i.e.,

{fR | e 29} ={XH|X € 2P}  (2.19)
wherep = rankR), (X;0) = zU ",

2. Ifthere are zero columns H, accordingto Lemma 1,
the corresponding loops are parallel;

3. If there are no zero columns H, two possibilities
arise:

(a) His non-full rank: rankH) < m, the number of
nested loops. In this case,—rank H) loops can
be parallelized after a suitable unimodular trans-
formation;

(b) H is full rank: ranKH) m. In that case,
the row vectors irH can be considered as “con-
stant” distance vectors and the parallelism equal
to de{H) can be extracted using a loop trans-
formation similar to the partitioning method de-
scribed in [6];

. SinceH is an echelon matrix with lexicographically
positive row vectors, according to Theorem 1 in the
Section 3.1, it is easy to fintkgal unimodular loop
transformations.

Lemma 1. If the pseudo distance matrix H contains one
or more zero columns, the corresponding loops can run in
parallel.

Proof. Suppose thé-th column contains only zeroes. Each
distancel has the formi = X H for some suitableX, con-

In other words, the distance vectors are linear combina- sequentlyd; = 0. Loop L; can run in parallel since every

tions of the row vectors iR € Z7*™;
A C LR).

Then a Hermite normal form matrix can be used to re-
duce the lattice generating matii.

A Hermite normal form matrixH € Z7*™ is the full
row rank matrix reduced from the echelon forrh;;, >

two dependent iterations have the same loop index. [

Now the distance set in (2.16) can be restatedby
Zpxm;

A {d|d=XH,X € 2°,d = 0} (2.20)



Multiple pairs of references The PDM for a single pair

Definition 1. Legal unimodular transformation: A le-

of array references is extended to represent all distance vecgal unimodular transformation matrix T preserves the lex-

tors in the loop. Each pair of dependent array references hascographlcal order of the dependent iterations:

a distance sef\;, the distance set of the loop is the union
of all pair-wise distance setsA;, = |J, A;. For each pair
of referenceg, a lattice generating matriR,; is found by
equation (2.15). The lattice generating matrix of the loop,
R, contains distinct rows of the matric&. Equally, the
Hermite normal form matrix is then

Hj, HNF(RL) .

(2.21)

In the remainder of the paper, if not explicitly explain@f,
denotedH ;,, the PDM of the loop.

3 Loop transformations using PDM

Parallelism in nested loops can be enhanced by loop

transformations. In this section the legality of loop transfor-

mations for variable distance vectors is first analyzed. Then

two methods are given to extract parallel iterations while

preserving the lexicographical dependencies by using legal

transformations only.
3.1 Legal operations

Transforming the iteration space in a loop with variable

distances, requires a framework to delineate which opera- 2.

tions are permitted.
A legal loop transformation has the following properties:

1. it reorders the iteration space as 1-to-1 mapping, i.e.

for any iteratiorﬁin iteration spac® there is one and
only one iteration’ in the new iteration space’;

id] =

iT§jTied-0=>dT =G -0T+ 0.0

Corollary 1. If aunimodular matrix T'; legally transforms
loop Lto L’ and another unimodular matrix T legally
transforms I’ to L', then T = T, T, isaunimodular ma-
trix legally transforms L to L".

Proof. As the multiple of two unimodular matriced is
still unimodular. SmcéI‘l is Iegal forL, by Definition 1,
for any distance vectod - 0in L, the corresponding dis-
tance vector |nL’ is dT1 0 BecauséI‘2 is legal for
I dT1T2 = 0. ThereforedT = 0forT = T, T,. By
Deflnmon 1,7 is also legal forL. O

From Lemma 1, the loops corresponding to the zero
columns in the pseudo distance matrix can run in parallel.
Therefore we are going to use an algorithm to find legal uni-
modular transformations that eliminate the columns to zero.

From Corollary 1, we can use legal unimodular transfor-
mations successively to obtain the legal unimodular trans-
formation. The unimodular transformations to be used in
the algorithm are:

1. right skewing, denoted by skewing, j, f): addfI; to
I; wheref € Z andj > i;
interchange, denoted by interchangiej): exchange
I; andlj;
3. shift, denoted by shift, j): shift I, to I;.

Now we are going to explain the conditions for these trans-
formations to be legal according to the pseudo distance ma-

2. it preserves the lexicographical order of the dependenttrIX

iterations, i.e. for any two dependent iteratiorend;
in ®, the new iterations’ andj’ are also dependent in
the same orderi:d j = i’ § j'.

Unimodular transformations satisfy the first property.

First, the relationship between the lexicographical posi-
tive echelon matrix and the distance vectors is stated by the
following lemma [3].

Lemma 2. Given an echelon matrix S With Iexicographi

The second property must be ensured by the proper transcally positive row vectors. Then XS » 0 iff X » 0, and

formations. A unimodular transformation matfix trans-
forms the iteration spac@ into iteration spaceb’, such
that the index vectof € & corresponds to the index vector
I' = IT € &', as shown in Figure 1.

—

l

L' dol' ¢ &'
L: dole® =Tt
H(I) = H(T)
enddo enddo

Figure 1. Unimodular loop transformation

By unimodular transformation, the requirement of legal
loop transformation is stated as follows.

Xs=0iff X =0.

The next theorem shows the possibility to check the le-
gality of the unimodular transformation according to the
pseudo distance matrix.

Theorem 1. Given a pseudo distance matrix H, if a uni-
modular transformation matrix T issuchthat H' = HT is
an echelon matrix with lexicographically positive row vec-
tors, then T islegal.

Proof. For any distance vectaf - 0in the loop there ex-
ists an integer vectok such thatd = XH. SinceH is a
HNF, it is an echelon matrix with lexicographically posltlve
row vectors. Therefore, according to Lemma®, > 0.
SinceX - 0 and by assumptiokl’ = HT is an echelon



matrix with lexicographically positive row vectors, then the
transformed distance vectdf = XH’ > 0, again using
Lemma 2. O

Corollary 2. The right-skewing transformation

skewing(i, j, f) isalwayslegal.

Proof. Denotel;, as the level of thé-th row in the PDM

H. If [}, < j then right skewing will not change the leading
element; ifl, = j thenh;; = 0 for < j and the leading
element will not change either. Since none of the leading
elements is changed T is still an echelon matrix with
lexicographically positive vectors. Thus right skewing is
legal by Theorem 1. O

Corollary 3. Given a PDM that the i-th column is zero,
transformation shift(s, j) islegal.

Proof. The shift of a zero column may change the index of
the leading element, but not its sign. Therefore the resulting
matrix still has lexicographically positive row vectors. It is
still echelon because the levels of the row vectors still keep
the orderl; < --- < [,.. Therefore the shifting is legal by
Theorem 1. O

Together with Lemma 1, the parallel loops found by zero
columns can be shifted to the outermost of the loop nest
to obtain coarse-grain parallelism, or to the innermost to
obtain fine-grain parallelism.

Corollary 4. If in the PDM H, the j-th column is lin-
early dependent on the first ¢ columns and h;; > 0,
interchange(i, j) islegal.

Proof. If H = HT is echelon and has lexicographically
positive row vectors, then the interchange is legal according
to Theorem 1. By assumption, theth column ofH is
linearly dependent on the firstcolumns, i.e., there exists
avectory such that; ; = y1h; 1 + -+ + y;hi ;. According

to the property of HNF, the components Hf below the
diagonal are zero, and by assumptfoy); > 0, therefore
hi; = yih;; > 0. Consequently; > 0. For eachk-th row
vector in the HNFH, after the interchange afth and;-th
columns:

e If [, < i, then the leading element is not changed;

o If I, =4, thenhy; = y;hi; > 0, the new leading
element is still positive;

o If I, > i,thenh; ; = y;hy; = 0, the leading element
is not changed.

Therefore the row vectors in the echelon maHiT are still
lexicographically positive. Sinck; ; > 0, and only thek-
th row vector thai;, = ¢ has the leading element changed,
but not its sign and level, therefore, the resulting matrix is
still echelon. O

3.2 Unimodular transformation

The next algorithm starts with a Hermite normal form
matrix, H € Z™*"™. Givenr = rank H), the algorithm

will find a legal unimodular transformation matri, which

reduced into HT, where the firsin —r columns are zero.
The algorithm loops over each column At the be-
ginning of eachy-iteration, there are zero columns and

p nonzero columns before theth column, such thaf =

z + p + 1. Therefore the rank of the firgt— 1 columns is

p. In average, the algorithm takéXp - m - In(M)) column

operations where each column haselements,/M is the
largest element in the PDM.

Algorithm 1. Transforming non-full rank PDM

/* Initialization: */ T=1I,p=2=20
doj=1m
/* Is column j independent of the previous columns? */
if p<rand hp+17j > 0 then
/* Yes, increase the number of nonzero columnsp */
p—p+1
else /* No, step-wise eliminate element h; ; with
* the nonzero element h; 4; */
doi=p,1,-1
dowhile hiyj 75 0
f=(hij = hij mod hiyi)/hi-yi
/* record the unimodular transformation */
col(j) = col(j) — f =col(¢) inH, T
if hiyj > 0 then
/* put the smaller element in j-th column */
exchange col(z + ¢) and col (j) inH, T
endif
enddowhile
enddo
z < z + 1 /* count the extra zero column */
shift j-th (zero) columnto thefirstin H, T
endif
enddo

3.3 Iteration space partitioning
This subsection presents a method to exploifiétpar-
allelism for the full rank PDMH by the partitioning loop
transformation [6]. .
Each distance vectetis within the latticeC(H):
d XH

(3.1)

where H is an upper triangular matrix. According to
Lemma 2,X must be lexicographically positive such that
XH »~ 0. Therefore, one must be prudent that the fol-
lowing partitioning is still a legal transformation, i.e., the
dependent iterations must be executed in the same order as
in the original loop.



Theorem 2. Given Loop (2.1) with full rank PDM H €
Zmxm the following transformationis legal.

doall [01 = 0 h11 -1

doaJI Iom, =0, hmm —
iof =1Io;
do [1:171"' mod(io}—p1, hi1), gi—mod(q1 =0}, k1), hii

IO —IO]-FZ ( Iok)hk]/hkk
do Iy, = pm + mod(io!,, — Dy hmm),
* qm — rmd(Qm —i0] :hmm)a Rmm
H(L, ..., Ln)
enddo
enddo
enddo
enddo

(3.2)
Proof The followmg mapping between the original index
I'andJ = (I,; X) is one-to-one according the lemma 4.7
in [3]:
I=T1,+

{” XH

. (3.3)
0<Ioj<hj;forl<i<m

SinceH as full rank HNF is triangular, thus givehand,
X can be solved by forward substitution gr= 1, ...,

m
in solution (3.4):
X; = (- 10 )/hJJ
IO} = [O]-FZ thk,] (3.4)

Ioj + Zk:l(Ik L0} )hi,j [k

The new loop is constructed as Loop (3.2) by considering
the loop limits in Loop (2.1), as in [6]:

Any two dependent iterations andi- in the original itera-
tion space are mapped one-to-onég't@nd:’, respectively:

-

g Fad -
=101+ H & 1

<

= (ioy, 1)

iy = (i09, &)

52 = 'L?)Q +HH < ly = (35)

-

Thelr dlstance vector ig = iy — i1 = = XH. SlncezQ =
i1+d = io, + 7, H+ X H, thereforely = io + (& + X )H.
It can also be mapped to

12 = (zol,fl + )?) (3.6)
By the uniqueness of the one-to-one mapping,
iy = o
= @+ X. (3.7)

The new distance vector i€ = 7, — it = (i0y — 10y, s —
#) = (0, X) Becausel = XH > 0, by Lemma 2,X >
0, henced = 0. O

4 Examples

This section presents two complete examples to show the
application of the method to the loops with variable dis-
tances.

4.1 Non-full rank pseudo distance matrix
Consider the following loop nest:

dol =-N,N
dol, =-N,N
a(3I1 + 1,2[1 + I2 — ].) =
G(Il +3,IQ + 1)
enddo
enddo

Figure 2 shows its iteration space dependence graph(ISDG)
whenN = 10. The loop has non-uniform distance analyzed
as follows. From reference¥ (31 + 1,21; + I, — 1) and

X (I, + 3,1, + 1), i andj are dependent if the following
equations (2.6) have integer solutions:

3 2

S 1

(11 2 N ]2) _? 0 = (2 2).(4.1)
0 -1

Deriving an echelon matrix from the coefficient matrix by a
unimodular matrixU:

0 0 -1 0 3 2 1 0
0 1 0 0 0 1 0 1
1 -2 3 0 -1 0 10 0 (4.2)
0 1 0 1 0 -1 0 O
the equations (4.1) can be simplified to:
1 0
(b1 ta t3 ta) 012 (2 2 (4.3)
00 . :
0 0
whose solutions aré = (i;; E) (2 2 t3,t4), OF, 1 =
tUp = (t3,2 — 2t3 + t4),5 = = (- 2+3t3,t4)
Consequently,
-1 0
o -2 -2
_ /
r=| 9 71 ,R:(tlf>: 2 2 | .44
2 2 F
0 0 0

From the referenc& (31, + 1,21 + I, — 1) to itself, the
following output dependence equations are established:

3 2
Gh| 3 5| = -0 @5
0 -1



From equation (4.5), similarly, thR is derived as:

10
0 0 o
R = 0 0]. (4.6) g -
0 0 7 1
6 o
Merging the twoR in (4.6) and (4.4) yields 5 - ° 9
H = HNFR;)=(2 2). 4.7) 3] /%/
SinceH is not full rank, algorithm 1 is then applied to elim- f i e

inate its leftmost column to zero by the legal unimodular * o -
transformation:

®o8wo O o

2 4 / 7
_ 1 -1 0 1y _ (-11 3 4 oo
T_<0 1><1 0>_< 10>(4'8) 4 00 d S , 2y oo o
o 5 - ol el el el el 05 w5885 058585854385 85855 0 0 o
The loop limits of the transformed loop are found 6 00 00 00000 0 0000 0 000000
by wusing Fourier-Motzkin elimination [1, 13]: i I
-8 1 elelelelelelelelelelelelelelelo O O O O O
941 o 0o 0o 00O OO 0OOO OO OOOO O 0 0 0 0
d0a||J1:—2N,2N 104 00 000 00O0OO0OOOOOOOOOO O
do:]z:max(_N,_N_Jl),min(N,N_Jl) T T T T T T T T T T T T T T T T T T T T T
I = J 1098765-4-3-2-10123456782910
1= 4J2 i2
L=J + J>
a(B3hL + 1,2 + I = 1) = - Figure 2. The ISDG of the original loop in Section 4.1
ra(lh +3,+1)--- (N=10). Solid nodes are dependent while empty nodes are
enddo independent iterations. Each arrow shows the dependence
enddo order of two dependent iterations: solid one means a depen-
Now the new PDMH' = HT = (0 2) has a full dence from reference (1) to (2) while dashes one means a
rank sub-matrix with determinant greater than 1. Fur-  dependence from reference (2) to (1). To avoid the ambi-
ther applying the method described in Section 3.3, more ~ 9Ui: (i1,71) and(i>, 2) on the same line are numbered in

parallelism is exploited by a partitioning transformation: the order ofi, <4,

doall Jo; = 0,1
doallJ; = —2N,2N From the ISDG in Figure 4 of this loop, one can see that it
p2 = max(—N,—N — Jy) has non-uniform distances either.
g2 = min(N, N — Jy) Let us solve the pseudo distance matrix first.
do J> = po + mod Joa—p2, 2), go—mod ga—J 02, 2), 2 For the references(41; — I> + 3,2I; + I> — 2) anda(I +
L =J, I, — 1,1, — I, + 2), equations (2.5) are established:
IL=Ji+ J2 4 9
a(3I1+1,211+I2—1): -1 1
a(I1_+_3,_[2_+_]_) (il,’ig,jl,jg) 1 -1 = (—4 4) (49)
enddo 1 1
enddo
enddo To simplify the diophantine equations (4.9), reduce the ma-
Figure 3 shows the ISDG of the transformed loop. trix to echelon form by a unimodular matrix:
4.2 Full rank pseudo distance matrix 00 —10 42 11
0 1 -1 0 -1 1 0 2
- - 1 1 30 1 -1 |7 o o®0
Consider the following loop.
0 -1 01 -1 1 00

dol, = —-N,N L . . o
dol, = —N,N the sqolutlon in (2.15) is derived @s= (—4, 4;ts,t4), and
(1(4[1—[2+3,2[1+12—2):"' d:|tF|:|(1;t3,t4)R|Where
"'0,([14-[2—1,[1—[24-2)--- -1 0
0 —4
enddo -1 -1
enddo F = 5 _1 | R= (2) —; . (411

0 2
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Figure 3. The ISDG of the transformed loop in Sec-
tion 4.1 after unimodular and partitioning transformations.
The original iteration space in Figure 2 has become two
separate partitions. The shortened(in proportion to the in-
creased step size gk) dependence arrows are vertical to
the loop indexJ; axis, which means that the iterations along
the J; direction are independent.

Similarly, the reference(41, — I + 3, 21, + I, — 2) to itself
yields a zero generating mat. Append it to the bottom
of theR in (4.11), theR, is obtained, whose HNF is the
pseudo distance matrix:

a3 ).

Applying partitioning method on the full rank PDM, the
loop nest is transformed to:

(4.12)

doallIo; = 0,1
doallToz = 0,1
dol, = —N + modN + I01,2), N — mod N — Io1,2),2
iO(Z ZIOQ-f-(Il—IOl)/Z
dol = =N + mod(N + i05,2), N — mod N — i05,2),2
a(411—12+3,211 +Iz—2):
---a(I1 +IQ_1,Il_IQ+2)"'
enddo
enddo
enddo
enddo

It has detH) parallel iterations in thdo; ando. loops.
The corresponding ISDG is shown in Figure 5.
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Figure 4. The iteration space of the original loop when
N=10. An arrow between two dependent iterations always
jumps a stride greater than 1 along direction/pfand/or

I, which implies the existence of independent partitions.

5 Reated work

The related work are compared in these directions: the
accuracy of dependence information, the applicability to the
type of programs, the parallelism extracted from the loops
and the code generation difficulty. See Table 1.

5.1 Constant distanceand linear loop transforma-
tions

To enhance loop parallelism, Banerjee [1, 2, 3] intro-
duced the unimodular transformation framework, which has
integrated the three elementary loop transformations: loop
reversal, interchanging, skewing. D’Hollander [6] used par-
titioning transformation which can extract more parallelism
for the full-rank distance matrix. Both treatments of uni-
modular loop transformation consideruaiform distance
matrix. .

A vectord is calleduniformor constant distance, ifitis a
constant vector suchthdf € ® : (i+d) € ® = i 6 (i+d);
otherwise is calleahon-uniform or variable distance. The
following corollary shows that only special linear depen-
dence equations will yield a uniform distance vector.

Corollary 5. The distance vector between two dependent
iterationsi and j: iA + @ = jB + b isa constant distance
vector iff A = B are nonsingular and d = (b — @)A ' is
integral.



i01=0,i02=0 i01=0,i02=1 |00p type code gen.

12:000000000000000000000 lg:oooooooooooooooooooo dependence\\@‘a”e“% \
6 6 4

440 0 o0 o%o 44 0o o% Banerjee [1] U| PL| ONA | U

T RPN PRI D’Hollander [6] U|PL| ONA | P
Ramanujam [12], Xue [18]| U | PL | O/NA L

Xue [19] U | NL | NA/NA | U

Wolf et al [14] D| PL| OO u

Shang et al [17] B | PL| OO S

cU Limetal [9],Kellyetal[8] | U | SP | OT/O™ | M

This work P| PL| OO U

Table 1. Related work:Column 2 compares the accuracy

of dependence information: U - uniform distance vectors,
D - dependence vectors, B - Base dependence vectors, P -
pseudo distance matrixcolumn 3 shows whether optimal
parallelism is exploited for uniform distance(u) or variable
distance problem(v) by the methods: NA - no explicit par-
allelism exploiting mechanism proposed. ©suboptimal:
optimal in degree of parallelism(proportion to loop size),
O - optimal. Column 4 shows the loop types that are ap-

Figure 5. The new ISDG after being partitioned into four plicable: PL - Perfectly nested loops, NL - Non-perfectly
2-D iteration spaces. The dependence arrows have shorter ~ Nested loops, SP - Statement-level paralleli€tolumn 5
length in proportion to the increased step size than that in _ShOWS the _methods In generating co_de: P - loop partition-
the original ISDG Figure 4. The skewing affects the off- ing, U - unimodular loop transformation, L - non-singular
sets of the iteration indices, while the iteration space has linear loop transformation, M - statement-level mapping, S
the same square shape as the original. - linear scheduling.

Therefore a uniform distance vector is a special case of 5 2 Other variable distances methods
the pseudo distance matrix. Consequently, the statements
regarding the PDM apply to the uniform distance case as
well.
. . . To test variable distance dependence,rdrge test [4]

T e e e s ki s based on h vl range of o inear cxpressons and
tors are covered by the lattice generated by the PDM andtheomegatest [10]is b_ased on exact integer programming.

. ... When dependence exists, loops are transformed to enhance
therefore the legal transformation can be constructed with-

out calculating each distance vectors and loop limits. the parallelism [8].
Xue [19] presented the idea of applying unimodular ~ Wolf etal [14, 15] extended the uniform distance vectors
transformation omon-perfectly nested loops to generate 0 dependence vectors, which includedirection vectorsas a
loop without using guarding IF statement to the loop bound- SPecial case. Both distance and direction vectors are treated
ary. Essentially, an additional dimension can be added to!n the same framework of dependence vectors. However,
the iteration space for the body statements, allowing us to the dependence vectors are less accurate than the pseudo
reorder the statements in non-perfectly nested loops too.  distance vectors for the linear dependence distance.
Ramanujam [12] as well as Xue [18] proposeoh- Shang et al [17] represented the variable distance vector
singular linear transformation where the integer transform- as an affinafonnegative linear) combination of the basic
ing matrix T has non-zero determinant, to enhance paral- dependence vectors(BDV). The Basic Ideas | and Ill always
lelism. Since the distance set of the transformed loop cangenerate a set of full-rank BDV which inhibit parallelizing
be expressed as a lattice generated by the HNFT'), their the outermost loops by a unimodular transformation, while
methods apply to the PDM. In our work, except for the ele- the Basic Idea Il of searching for a setoohe-optimal BDV,
mentary unimodular transformations, only the simple parti- i.e., the BDV are minimal in rank, is closer to us. But the
tioning transformations are non-unimodular. This eases thelexicographical positiveness is not carried by the BDV, so
code generation, while the HNF guarantees as much paral-an additionallinear scheduling [7] is needed to maintain
lelism as in the non-singular linear transformations. the lexicographical order.



5.3 Processor mapping [4] W. Blume and R. Eigenmann. The range test: a depen-
dence test for symbolic, non-linear expressions. In IEEE,
Kelly and Pugh [8] unified the statement-level loop trans- editor, Proceedings, Supercomputing ' 94: Washington, DC,
formations using affinprocessor mapping. The idea can be November 14-18, 1994, Supercomputing, pages 528-537.
briefly described as : (1) Each statemepti) is executed IEEE Computer Society Press, 1994.

= - o [5] E.D’Hollander, F. Zhang, and Q. Wang. The fortran parallel
by processopy (i); (2) For eacrldependence equation, itis transformer and its programming environmewdaurnal of

required thatf (i) = (7) = ¢1(i) = ¢2(j)- Given a linear Information Sciences, 106:293-317, 1998.
mapping function, Omega calculator can be used to gener- [6] E. H. D’Hollander. Partitioning and labeling of loops by
ate code. Their statement-level mapping can be specialized unimodular transformation$EEE Transactions on Parallel
to an iteration-level mapping requiring all statements in the and Distributed Systems, 3(4):465-476, July 1992.
loop body bound to the same processor. [7] P.Feautrier. Some efficient solutions to the affine scheduling
Lim and Lam [9] solved the affine mapping functions problem. I. one-dimensional timénternational Journal of

such that the parallelism is maximized. To obtain the map- Parallel Programming, 21(5):313-347, Oct. 1992. .

. A i . [8] W. Kelly and W. Pugh. Minimizing communication while
ping function in Lim’s approach, however, it is required to

- . preserving parallelism. In ACM, editoECRC '96: Con-
solve dependence equations together with the loop bound- ference proceedings of the 1996 International Conference

ary constraint. In our method, calculating the PDM and on Supercomputing: Philadelphia, Pennsylvania, USA, May
the transformations does not require loop limits calculation. 25-28, 1996, pages 52-60. ACM Press, 1996.

The boundary information is only used for the code gener- [9] A. W. Lim and M. S. Lam. Maximizing parallelism and
ation. minimizing synchronization with affine partition®arallel

Computing, 24(3-4):445-475, May 1998.

[10] P. M. Petersen and D. A. Padua. Static and dynamic evalua-
tion of data dependence analysis techniqu&EE Transac-
tionson Parallel and Distributed Systems, 7(11):1121-1132,

As long as the array subscripts are linear functions of the Nov. 1996.

loop indices, a pseudo distance matrix, PDM, can be ob- [11] K. Psarris. The Banerjee-Wolfe and GCD tests on exact

tained such that any dependence distance vector in the loop ~ data dependence informatiodournal of Parallel and Dis-

is a linear combination of the rows of the pseudo distance tributed Compuiting, 32(2):119-138, Feb. 1996.

matrix. A method has been presented to find a parallelizing [12] J. Ramanujam. B_eyond u-nlmodular transformatioduur-

loop transformation using the properties of the PDM. This nal of Supercormpuiting, 9(4):365-389, Oct 1995. .

P . 9 prop . [13] A. Schrijver. Theory of Linear and Integer Programming.

work extends previous results for constant distance vectors, John Wiley and Sons, New York, 1987.

so that a more general class of loops can be addressed. The14] M. E. Wolf. Improving locality and parallelism in nested

transformation requires no loop bounds calculations and is loops. Ph.D. Dissertation CSL-TR-92-538, Stanford Uni-

therefore quite efficient. The method has been implemented versity, Dept. Computer Science, Aug. 1992.

in the FPT [5, 20] compiler. [15] M. E. Wolf and M. S. Lam. A loop transformation theory

and an algorithm to maximize parallelism. IIBEE Trans-
actions on Parallel and Distributed Systems, Oct 1991.
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